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Abstrat
Let p be an odd prime, and let K/K0 be a quadrati extension of number elds.
Denote by K± the maximal Zp-power extensions of K that are Galois over K0, with
K+ abelian over K0 and K− dihedral over K0. In this paper we show that for a Galois
representation over K0 satisfying ertain hypotheses, if it has odd Selmer rank over K
then for one of K± its Selmer rank over L is bounded below by [L : K] for L ranging
over the nite subextensions of K in K±. Our method of proof generalizes a method
of MazurRubin, building upon results of Neková°, and applies to abelian varieties of
arbitrary dimension, (self-dual twists of) modular forms of even weight, and (twisted)
Hida families.
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1 Introdution
This paper ts into a irle of ideas that might broadly be alled arithmeti in p-adi
dihedral extensions of number elds. A stunning result in this area follows from the
formula of GrossZagier [4℄ and Kolyvagin's Euler system [6℄. These works establish
the existene of a wealth of points on ellipti urves in ertain dihedral extensions of
Q. More preisely, let E/Q be a (modular) ellipti urve of ondutor N without
omplex multipliation, and let K/Q be an imaginary quadrati eld satisfying the
Heegner ondition relative to N . For a prime p > 3 that is split in K and at whih
E has good, ordinary redution, we let K−/K denote the p-antiylotomi extension.
Suppose that E(K) has rank one; then for every nite subextension L of K−/K, one
has rankZE(L) ≥ [L : K]. (The Heegner points supply the desired rank.)
We all K−/Q a p-adi dihedral extension, sine it is Galois; it ontains a quadrati
subextension K/Q with K−/K a Zp-power extension; and the onjugation ation of
(any lift to K− of) the nontrivial automorphism of K/Q upon Gal(K−/K) is by means
of inversion. Given a self-dual motive over Q, a general yoga of signs of funtional
equations leads us to expet that if the underlying geometri objet has an odd number
of rational yles over K, then it aquires rational algebrai yles in number at least
equal to [L : K], for L ranging over the nite subextensions of K−/K. In the ase
onsidered by Gross, Zagier, and Kolyvagin, this an be seen on the levels of L-funtions,
algebrai yles, and Selmer groups all at one.
Our present work generalizes a weakened form of the above result. Let p be an
odd prime, and let K/K0 be a quadrati extension of number elds. Denote by K±
the maximal Zp-power extensions of K that are Galois over K0, with K+ abelian over
K0 and K− p-adi dihedral over K0. We show that for a Galois representation over
K0 satisfying ertain hypotheses, if it has odd Selmer rank over K then for one of
K± its Selmer rank over L is bounded below by [L : K] for L ranging over the nite
subextensions of K in K±. (See 2.2 for the preise statement.)
Our method of proof generalizes a method of MazurRubin, building upon results
of Neková°, and applies to abelian varieties of arbitrary dimension, (self-dual twists of)
modular forms of even weight, and (twisted) Hida families. It should be noted that
Neková° has obtained a muh more preise result (f. [11, 10.7.15.iii℄) by making use of
the CasselsTate pairing apparatus, whih we do not need.
The work falls naturally into two parts. The rst part is a purely ohomologial
result for p-adi Galois representations; we just say here that it requires a self-dual,
ordinary representation with no Tamagawa obstrutions, no exeptional zeroes, and a
weak form of residual irreduibility. The representation may be free over any omplete,
Noetherian, Gorenstein loal ring with nite residue eld. The seond part of our work
is to show when the theorem applies to onrete examples.
The main insight is that by working only in the ohomologial arena, we need not
appeal to any deep onjetures to prove our result; this allows us to obtain very general
evidene for the framework of onjetures. On the other hand, any appliation of the
result to produing algebrai yles requires the resolution of these onjetures. We also
undersore the obvious drawbak of our approah: it is unable to distinguish between
K+ and K−!
There are quite diverse irumstanes under whih the ability to desend a variety
below a given base eld onjeturally implies the existene of rational yles. For
example, in [1℄, it is shown how to produe piees in the ℓ-adi étale ohomology of
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ertain varieties over a nite eld whih, via Tate's onjetures, predit the existene
of rational algebrai yles for free after enlarging the nite eld.
This paper has beneted from our interations with numerous people. We espeially
thank Barry Mazur for suggesting we take up this projet, and for his advie and
enouragement throughout; and Jan Neková° for his arranging our study in Paris and
Luminy, for his thorough reading of an earlier draft and helpful onversations thereafter,
and not least for his investing the time to write out [11℄. Matthew Emerton brought
[2℄ to our attention, whih sprang forth to help at a ritial junture. Finally, we
heartily thank the NSF for its support through the MSPRFP, under whih this work
was produed, and l'Institut de Mathématiques de Jussieu for its hospitality.
To onlude the introdution, we desribe the ontents of the paper. Immediately
following, we begin with our notation and running hypotheses. In the seond setion, we
prove our main tehnial result, using the methods of MazurRubin and Neková°. In the
third setion, we dedue appliations to the Selmer groups of abelian varieties, modular
forms, and Hida families. In the fourth setion, we give onrete numerial examples.
Finally, in an appendix, we give a brief exposition to those aspets of Neková°'s Selmer
omplexes that will be of use to us.
1.1 Notation and hypotheses
The following notation will be in fore through this paper.
p denotes an odd rational prime.
(R,m, k) is a Gorenstein, omplete, Noetherian loal ring, with nite residue eld
of harateristi p, and d = dimR. For any abelian pronite group G, the ring R[[G]]
is the ompleted group algebra of G with oeients in R. For g ∈ G, we write 〈g〉 for
the orresponding grouplike element of R[[G]].
If K/K0 is a quadrati extension of nite extensions of Q, we let K denote a xed
algebrai losure of K, with Galois group GK = Gal(K/K). Denote the maximal Zp-
power-extension of K in K by K∞. For any subextension L of K∞/K whatsoever, we
set ΓL := Gal(L/K) and ΛL := R[[ΓL]], and write IL := ker(ΛK∞ → ΛL) for its relative
augmentation ideal. Moreover, for any ΛK∞-module M , we set ML := M ⊗Λ ΛL =
M/ILM . We drop the subsripts when L = K∞ (sine IK∞ = 0 anyway). The
involution ι given by inversion γ 7→ γ−1 on Γ indues an ation on all groups and group
rings above, and we denote these ations all by the same symbol. For a Λ-module M ,
if we twist the Λ-module struture through ι, the result is written M ι.
Denote by σ ∈ Gal(K/K0) the nontrivial element. Any hoie of lift of σ to
Gal(K∞/K0) ats by onjugation on Γ. This allows us to deompose Γ as a prod-
ut Γ+×Γ− of eigenspaes, so that (any lift of) σ ats on Γ± via γ 7→ γ±1. We let K±
be the xed eld of Γ∓, so that Γ± is naturally identied with ΓK±. In general, simply
write ± in subsripts in plae of K±, as in Λ±, I±, and M±.
For eah plae v of K we x an algebrai losure Kv of Kv, with Galois group Gv =
Gal(Kv/Kv). We also x embeddings K →֒ Kv, whih indue inlusions Gv →֒ GK as
deomposition groups. If Iv ⊂ Gv is the inertia subgroup, we write Frobv ∈ Gv/Iv for
the arithmeti Frobenius element.
By S we mean a nite set of plaes of K0, assumed to ontain all Arhimedean
plaes and all plaes lying over p. The set Sf onsists of all nite plaes of S, and we
partition Sf = Σ⊔Σ′, with v ∈ Σ if and only if v lies over p. We let KS be the maximal
extension of K in K unramied outside S, with Galois group GK,S = Gal(KS/K).
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(Note that K∞ ⊆ KS by [7, 5.4, Lemma (i)℄.) For eah plae v of K, our hoies
provide us with a omposite map Gv →֒ GK ։ GK,S .
For any ring A, we write D(A) for the derived ategory of A-modules. By D
[a,b]
perf
(A),
where a ≤ b are integers, we mean the subategory of D(A) whose objets an be
represented by omplexes C• with the Ci nitely generated and free over A, and nonzero
only for a ≤ i ≤ b.
We write D for the Pontryagin duality funtor HomZp(·,Qp/Zp), and D for the fun-
tor HomR(·, R). The latter operation will only be applied to omplexes T • onsisting of
free R-modules; and in this senario, we onsider D(T •) as providing an expliit hoie
of omplex representing the Grothendiek dual of T • in D(R). (See A.3 for more on
these matters.) We also let DΛ mean HomΛ(·,Λ), with the same proviso.
We denote by χ
yl
: GQ → Z×p the p-adi ylotomi harater. As Z×p deomposes
anonially as µp−1 × (1 + pZp), we aordingly write χyl = τyl · γyl. The Galois
harater τ
yl
orresponds via lass eld theory to the unique Dirihlet harater of
ondutor p whose redution modulo p is the mod p ylotomi harater; we abusively
use τ
yl
to denote this Dirihlet harater as well. For later use, we note that, sine
1 + pZp is free of rank one over Zp, the harater γyl admits a unique square root.
On the other hand, sine µp−1 is yli, the harater τ
i
yl
only admits a square root
when i is even, in whih ase there are two, orresponding to the lifts of i ∈ Z/(p − 1)
to Z/2(p − 1).
If χ : GK → R× is a harater, we write R(χ) for a free rank one R-module on
whih GK ats through multipliation by χ. And if M is an R[GK ]-module we write
M(χ) for M ⊗RR(χ), with GK ating diagonally. As a shorthand, we let M(n) denote
M(χn
yl
) for n ∈ Z.
Given an R-module M , one an assoiate to eah minimal prime p ∈ Spec(R) the
rank of M at p. Namely, the ring T = (Rp)
red
is a domain, hene
rankR,pM := rankT (M ⊗R T ) := dimFracT (M ⊗R Frac T )
makes sense. We think of rankRM as the system (rankR,pM)p of nonnegative integers,
with p ranging over the minimal primes in Spec(R). (One similarly denes corank =
rank ◦D.) In partiular, if M ≈ R⊕d is free of rank d (in the usual parlane), then
rankRM has onstant value d. Moreover, to say rankRM is even (resp. odd, ≥ N)
means that the laim holds for eah rankR,pM . The ring Λ satises the same hypotheses
as R does, and all the above applies to rankΛM  as well. On the other hand, the
natural homomorphisms R → Λ → Λ/I = R indue maps Spec(R) → Spec(Λ) →
Spec(R) that are mutually inverse bijetions on minimal primes (apply [11, 8.9.7.i℄ with
∆ = {1}), whih we treat as an identiation. ForM a nite free Λ-module, one learly
has rankΛM = rankRM ⊗Λ R under this identiation.
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2 Tehnial results
In this setion we prove our ohomologial theorem on Selmer growth.
The larger body of results we draw upon omes from Neková°'s formalism of Selmer
omplexes, whih expresses the arithmeti loal and global dualities in the language of
derived ategories. Sine familiarity with these ideas is not neessary for our proofs,
we ite the relevant theorems from [11℄. The basi onstrutions are skethed in an
appendix, for the benet of the reader who wishes to know of their origins.
We also use two key ideas of MazurRubin that allow one to fore algebrai p-adi L-
funtions to have zeroes, granted they obey ertain funtional equations. In the earlier
portion of this setion, we begin by realling MazurRubin's ideas in the appropriate
generality. In the latter part, we prove our ohomologial theorem.
2.1 Skew-Hermitian omplexes and funtional equations
In this setion we review the method of MazurRubin, stating their results in a gener-
ality that is suitable for our needs.
Consider a omplex C• = [Φ
u→֒ Ψ], onentrated in degrees [1, 2], with Φ,Ψ nite
free over Λ of the same rank, and u injetive. Assume that this omplex is equipped
with a quasi-isomorphism α : C•
∼→ Hom(C•,Λ)ι[−3] satisfying Hom(α,Λ)ι[−3] = −α
up to hain homotopy. The following provides an example of suh a omplex.
Let M be free of nite rank over Λ, equipped with a nondegenerate, skew-Hermitian
Λ-bilinear pairing h : M ⊗M ι → Λ, with image ontained in m. If we write M∗ :=
HomΛ(M
ι,Λ), the adjoint had : M →M∗ serves as the boundary operator of a omplex
[M
had→ M∗] onentrated in degrees 1, 2; the nondegeneray of h means that had is
injetive. This omplex is equipped with an obvious duality pairing. The omplex just
desribed, together with its duality struture, is denoted C(M,h)• and alled a basi
skew-Hermitian omplex.
We will make use of the following two propositions of MazurRubin.
Proposition 2.1. Every C• is quasi-isomorphi to a C(M,h)•, in a manner respeting
the duality pairings.
Proof. This is [10, Proposition 6.5℄.
The proof of existene relies ruially on Nakayama's lemma, and thus on the fat
that R is loal. The author sees no means to generalize the methods of [10℄ beyond the
loal ase.
Proposition 2.2. Let Ξ be a nite group of ommuting involutions of Γ. Suppose
I ⊂ Λ is a nonzero prinipal ideal that is preserved by Ξ. Then there exists a generator
L ∈ I suh that Lξ = ǫ(ξ)L for some homomorphism ǫ : Ξ → {±1}. The value ǫ(ξ)
depends only on ξ and I, and not on Ξ or L.
Proof. The proof in [9, Proposition 7.2℄ refers to the ase where R is the ring of integers
in a nite extension of Qp, but it applies without hange to any R under our hypotheses.
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Consider a basi skew-Hermitian omplex C• = C(M,h)• over Λ, as above. We will
apply the preeding proposition to the harateristi ideal
I := charΛH
2(C•) = charΛ(coker h
ad) = det(had)Λ
(if it is nonzero), and to the group Ξ generated by the two involutions ι and σ, whih
we now reall.
First, one always has the inversion involution ι : γ 7→ γ−1. We an use the skew-
Hermitian property of h to alulate that
det(had)ι = det(had ι) = det(−had) = (−1)r det(had),
with r := rankΛM (mod 2). This shows that I is stable under ι, and moreover
that ǫ(ι) = (−1)r. We point out that r may be omputed over R as follows.
The involution ι ats trivially on R, so had (mod I) is skew-symmetri; therefore,
rankR,p
(
img had ⊗Λ R
)
is even for every minimal prime p of R. This lets us alulate
that, for all suh p,
r = rankΛM
∗ = rankR,pM
∗ ⊗Λ R
≡ rankR,p(M∗ ⊗Λ R)/(img had ⊗Λ R) (mod 2)
= rankR,p(coker h
ad ⊗Λ R),
where the last equality is by the right exatness of ⊗.
For the other involution, we reall that we are given a degree 2 subeld K0 of K
as in 1.1, and we have the involution σ whih ats on Γ± via γ 7→ γ±1. In the next
setion, our omplex C will arise funtorially from a Galois module T dened over K0.
Eah lift of σ to Gal(K∞/K0) will indue an isomorphism C
∼→ Cσ, and therefore
I = charΛH
2(C) will be stable under σ.
2.2 The ohomologial theorem
We begin our disussion of our main theorem on Selmer growth by laying out the setup
and hypotheses.
Continue with notations as in 1.1. Let T be a nonzero, free, nite rank R-module
with a ontinuous, linear GK0,S-ation. We require the following list of hypotheses and
data attahed to T (whose motivations are explained in Remark 2.4):
(Symp) T is sympleti; i.e., it is equipped with a Galois-equivariant perfet pair-
ing T ⊗ T → R(1), and hene an isomorphism j : T ∼→ D(T )(1), that is skew-
symmetri in the sense that D(j)(1) = −j.
(Ord) For eah v ∈ Σ, we are given a Gv-stable R-diret summand T+v ⊂ T that is
Lagrangian for the sympleti struture: j(T+v ) = D(T/T
+
v )(1). Set T
−
v = T/T
+
v ,
obtaining an exat sequene:
0→ T+v → T → T−v → 0.
(Tam) For every plae v of K lying over Σ′, the submodule T Iv is assumed free over
R. Moreover, for suh v, the operator Frobv − 1 ats bijetively on H1(Iv, T ).
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Set A = D(D(T )) ∼= D(T )(1) (by the the self-duality of T ) and A±v = D(T∓v )(1) ⊂
A, obtaining an exat sequene:
0→ A+v → A→ A−v → 0.
One an view A as the divisible inarnation of T . Speifying T+v is equivalent to
speifying A+v . For an extension L of K and a plae v of L lying over v0 ∈ Σ, we also
set T±v = T
±
v0 and A
±
v = A
±
v0 .
Here are our two remaining hypotheses:
(Irr) The following morphism (in whih AGK,S maps diagonally) is injetive.
AGK,S →
⊕
v lying over Σ
A−v
(Zero) For all plaes v of K lying over Σ, one has (T−v /m)
Gv = 0.
Given the above data, we may dene the (strit Greenberg) Selmer groups of A over
any algebrai extension L of K. For eah prime v of L, hoose a deomposition group
Gv above v in Gal(K/L) and let Iv be its inertia subgroup. Then the Selmer group of
A over L is
SA(L) := ker

H1(Gal(K/L), A)→∏
v∤p
H1(Iv , A)×
∏
v|p
H1(Gv , A
−
v )

 . (1)
We now state our main tehnial theorem.
Theorem 2.3. With notation as in 1.1, assume the above ve hypotheses hold for
T . If SA(K) has odd R-orank, then for at least one hoie of sign ǫ = ±, we have
corankR SA(L) ≥ [L : K] for every nite extension L/K ontained in Kǫ.
Remark 2.4. The assumption (Ord) is a variant of assuming that T is ordinary (or
better: Pan£i²kin) above p, and (Tam) is related to p not dividing a Tamagawa num-
ber at v, for all v ∤ p; see Remark 2.5 below. The ondition (Irr) holds, in partiular,
if A[m]GK,S = 0, and a fortiori if A[m] is an irreduible residual representation (note
that its rank is at least two). The hypothesis (Zero) exludes the ase of an algebrai
exeptional zero playing a similar role to those found by MazurTateTeitelbaum in
[8℄.
Remark 2.5. In the ase where R is the ring of integers O in a nite extension F of
Qp, some simpliations are possible. First, O is a DVR, so that A is isomorphi to
T ⊗OF/O. Seond, O is a PID, so that in (Ord), to determine T+v , it sues to speify
the subspae T+v ⊗O F ⊂ V , where V = T ⊗O F ; moreover, in (Tam), the freeness
assumption is automatially satised. Third, by the equation
D(Errurv (D , T ))
∼−→ D(Errurv (Φ, T ))
appearing in the proof of [11, 7.6.7.ii℄, ombined with the alulation of [11, 7.6.9℄, one
an rephrase (Tam) as the laim that for every v ∈ Σ′ one has H1(Iv, T )Frobv=1
tors
= 0.
The order of H1(Iv , T )
Frobv=1
tors
is preisely the (p-part of the) Tamagawa number of T
at v (see [3, Proposition I.4.2.2.ii℄). The same omputation also shows that in order to
verify this last riterion, it would sue to show that V Iv/T Iv ։ AIv .
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Remark 2.6. By [11, 10.7.15.iii℄, under almost idential hypotheses, one an take ǫ = −1,
and for L/K ontained in K− one knows that corankR SA(L) is odd.
Our proof of the theorem relies on the following results of Neková°, whih allow
us to represent SA(L) in terms of a ertain Selmer omplex (f. Proposition 2.9). For
all our Selmer omplexes, over any number eld ontaining K0, we hoose the loal
onditions ∆ to be unramied at primes v lying over Σ′, and (strit) Greenberg at
primes v lying over Σ.
Lemma 2.7. The D(1)-dual loal onditions to ∆ are isomorphi to ∆ under the
identiation T ∼= D(T )(1).
Proof. Plug (Tam) into [11, 7.6.12℄, and plug (Symp) and (Ord) into [11, 6.7.6.iv℄.
This proposition is Neková°'s Iwasawa-theoreti arithmeti duality (and perfetness)
theorem:
Proposition 2.8. The Iwasawa-theoreti Selmer omplex
C := R˜Γf,Iw(K∞/K, T ;∆)
dened in [11, 8.8.5℄ lies in D
[1,2]
perf (Λ), and is equipped with a skew-Hermitian duality
quasi-isomorphism
α : C
∼−→ DΛ(C)ι[−3].
When we represent C by a omplex of the form [Φ
u→ Ψ] with Φ,Ψ nite free over
Λ (with respetive degrees 1, 2), the modules Φ,Ψ have the same rank. Moreover, the
Λ-module
S := H2(C)
is Λ-torsion if and only if the dierential u is injetive.
Proof. All the laims follow by opying the steps of [11, 9.7℄ word-for-word. In par-
tiular: To see that C lies in D
[0,3]
perf
, use the proof of [11, 9.7.2.ii℄, noting the neessity
of the freeness ondition in (Tam) (whih is automati in the ase under Neková°'s
onsideration). That α is an isomorphism follows from Lemma 2.7 and [11, 9.7.3.iv℄.
It is skew-Hermitian by [11, 9.7.7(ii)℄. The plaement C ∈ D[1,2]
perf
(Λ) follows from (Irr)
and [11, 9.7.5.ii℄. The nal two laims are [11, 9.7.7.iv℄.
The letter S is meant to remind us of the word Selmer. This hoie of mnemoni
is beause of the following omparison.
Proposition 2.9. Let SA(K∞) be as in Equation 1. For eah (possibly innite) subex-
tension L of K∞/K, realling that SL := S ⊗Λ ΛL, we have
SL ∼= D(SA(L))ι, i.e. SA(L) ∼= D(SL)ι.
Proof. We use the notation of [11, 9.6℄, with the exeption that our SA(L) is written
SstrA (L) there. By [11, 9.6.3℄, for any L as in the proposition, there is a surjetion
H˜1f (L/K,A) ։ SA(L), whih is an isomorphism provided that for all plaes v ∈ Σ,
we have (A−v )
Gv∩GL = 0. By [11, 9.6.6.iii℄, it sues to hek the latter ondition
when L = K; by Nakayama's lemma, this is equivalent to requiring that (T−v /m)
Gv ∼=
(A−v [m])
Gv = 0, whih is preisely (Zero).
9
Let L be any subextension of K∞/K. Invoking [11, 9.7.2.i℄, we nd that
D(SA(L))
ι ∼= H2(C(L)), (2)
where C(L) is the Iwasawa-theoreti Selmer omplex onstruted just like C was, but
with L in plae of K∞. In partiular, our proposition follows in the ase L = K∞.
We now invoke Neková°'s ontrol theorem [11, 8.10.10℄ (f. the disussion at the end
of A.5), showing that C(L) ∼= C ⊗LΛ ΛL. Represent C by a omplex C• of the form
[Φ
u→ Ψ] as in 2.8. Sine Φ,Ψ are free, the objet C(L) is represented by the omplex
C• ⊗Λ ΛL. Therefore,
H2(C(L)) ∼= H2(C• ⊗Λ ΛL) = coker(u mod IL) = coker(u) mod IL = SL,
whih, together with Equation 2, proves the proposition in general.
In partiular, under our hypotheses, a form of perfet ontrol holds: the natural
maps SA(L)→ SA(L′)Gal(L′/L) are isomorphisms, for any K∞/L′/L/K.
Proof of Theorem 2.3. Reall that when L = K±, we write ± as a subsript instead
of K±. It sues to show that at least one of S± is not torsion over its respetive
Λ±, beause then for every nite subextension L/K of K±, we have
corankR SA(L) = rankR(S± ⊗Λ± ΛL) ≥ rankΛ± S± · rankR ΛL ≥ 1 · [L : K],
as was desired. If S is not a torsion Λ-module, then both of the S± are not torsion
Λ±-modules, and our theorem follows trivially. So let us assume heneforth that S
is torsion over Λ. In this ase, the harateristi ideal charΛ S ⊆ Λ is nonzero, and
(charΛ S)Λ± divides charΛ± S±. Therefore, in order to show that S± is nontorsion, it
sues to produe a generator of charΛ S whose image in some Λ± is zero.
As in Proposition 2.8, C is representable by a omplex of the form [Φ
u→֒ Ψ].
Applying Proposition 2.1, let us represent C one and for all by a basi skew-Hermitian
omplex C(M,h)•. (M is an organizing module for the arithmeti of T ; f. [10℄.)
Reall that corankR SA(K) is assumed to be odd, and that
r = rankΛM ≡ rankR SK = corankR SA(K) (mod 2).
As in 2.1, take Ξ to be generated by ι and σ, and obtain from 2.2 a generator L of
charΛ S, together with a homomorphism ǫ : Ξ → {±1} desribing the ation of Ξ on
L. If ǫ(σ) = −1, then sine σ ats trivially on Λ+ we must have L 7→ 0 ∈ Λ+, so we
are done. (In this ase, we did not need to assume that r is odd.) In the ase that
ǫ(σ) = +1, we see that ǫ(σι) = ǫ(σ) ǫ(ι) = 1 (−1)r = −1, whih fores L 7→ 0 ∈ Λ−,
sine σι ats trivially on Λ−.
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3 Appliations
Here we apply the ohomologial theorem to abelian varieties, modular forms, and Hida
families. In eah ase, we give hypotheses on the objet in question that guarantee that
the Hypotheses (Symp), (Ord), (Tam), (Irr), and (Zero) of Setion 2.2 hold.
3.1 Abelian varieties
The following theorem is due to MazurRubin [9, Theorem 3.1℄. Although their state-
ment only inludes ellipti urves, their proof applies verbatim to any abelian variety
with a prime-to-p-degree polarization.
Theorem 3.1. Let B/K0 be an abelian variety. Assume the following hypotheses hold:
(Symp) B admits a polarization of prime-to-p degree.
(Ord) At every plae v above p, B has good, ordinary redution.
(Tam) At every plae v not above p where B has bad redution, p does not divide the
order of the omponent group of the speial ber of the Néron model of B/OK,v
(i.e., the Tamagawa number of B at v).
(Irr) No p-torsion element in B(K) lies in every formal group of B/OK,v, as v ranges
over the plaes of K lying above p.
(Zero) Denoting by Fv the residue eld of K at v, one has B(Fv)[p] = 0 for every plae
v of K above p.
If the lassial p-power Selmer group Selp∞(B/K) of B/K has odd rank, then for some
hoie of sign ǫ = ±, one has corankZp Selp∞(B/L) ≥ [L : K] for all nite subextensions
L/K of Kǫ.
Proof. We take R = Zp, and T = TpB, the p-adi Tate module of B. The set S onsists
of the plaes dividing p∞, and where B has bad redution.
Let B̂/K be the dual abelian variety. Fix a polarization λ : B → B̂ suh that
p ∤ deg(λ). The omposition T
λ→ TpB̂ ∼= T ∗(1) (where the seond map is the Weil
pairing) is injetive, with okernel of order |deg(λ)|−1p = 1, and hene is an isomorphism.
This self-duality is sympleti beause the Weil pairing is. Hene T satises (Symp).
At a plae v ∈ Σ, we let A+v onsist of the image of the p-power torsion of the formal
group of B over OK,v. The ompatibility of the Weil pairing with Cartier duality of
nite at group shemes ensures that these loal onditions are Lagrangian (sine B is
good ordinary at v). Thus T satises (Ord).
For (Tam), we point out that the riterion V Iv/T Iv ։ AIv appearing in Remark
2.5 is equivalent to p not dividing the order of the omponent group appearing in the
statement of the theorem, by [15, Exposé IX, Proposition 11.2℄.
Beause AGK = B(K)[p∞], the hypothesis that AGK → ⊕v∈ΣA−v be injetive
means preisely that no global p-torsion point omes omes from every v's formal group.
Thus we have (Irr).
The hypothesis (Zero) holds beause (T−v /m)
Gv = B(Fv)[p] for v ∈ Σ.
As we have just veried the hypotheses of Theorem 2.3, we dedue the desired
growth of SA(L) in one of the K±. On the other hand, by [11, 9.6.7.3℄, there is a
natural injetion Selp∞(B/K) →֒ SA(L) with nite okernel, for L any nite extension
of K. The desired growth of Selp∞(B/K) thus follows from the growth of SA(L).
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Remark 3.2. The hypothesis (Irr) of the above theorem holds when, in partiular, B(K)
has no p-torsion.
Remark 3.3. The p-primary part of the ShafarevihTate onjeture would imply that
rankZB(L) = corankZp Selp∞(B/L). Thus, onjeturally, the Selmer growth guaran-
teed above atually means growth of the of MordellWeil rank.
3.2 Modular forms
Let O be the ring of integers in a nite extension F of Qp, and N a positive integer
not divisible by p. Suppose we are given a normalized eigenform f ∈ Sk(Γ0(N) ∩
Γ1(p), τ
i
yl
;O) of even weight k = 2k0 ≥ 2 that is ordinary at p, in the sense that there
is a p-adi unit root αp of its pth Heke polynomial. Choose a lift of i from Z/(p − 1)
to Z/(2(p − 1)), noting in passing that i is even.
Let Tf be the p-adi Galois representation assoiated to f by Deligne (with the
homologial normalization); it is a free O-module of rank 2 equipped with a ontinuous,
linear GQ,S-ation, with S = {v dividing Np∞}. It is well-known that beause f is
ordinary, Tf |Gp is reduible, admitting a unique deomposition of the form
0→ O(υ−1χk−1
yl
τ i
yl
)→ Tf |Gp → O(υ)→ 0, (3)
with υ the unramied harater whose value on Frobp is equal to αp. (For proofs of
these fats, see [18, Theorems 1(1) and 2℄ and a ombination of the items [12, 1.5.5
and 1.6.10℄.) Philosophially, our method applies to the Selmer group related to the
entral value of an L-funtion, beause it uses the odd sign of a funtional equation to
produe a trivial zero there. Under a general reipe, the Selmer group of Tf is related
to the L-value L(f, 1), whih is not the entral value when k > 2rather, L(f, k/2) is.
Aordingly, we must twist Tf by a power of the Tate motive to make it self-dual.
In fat, one has jf : Tf (χ
2−k
yl
τ−i
yl
)
∼→ T ∗f (1). Setting
T := Tf (χ
1−k0
yl
τ
−i/2
yl
)
(using our hosen lift of i mod 2(p− 1)), we have j = jf (χk0−1
yl
τ
i/2
yl
) : T
∼→ T ∗(1). This
duality is sympleti beause k is even, by [12, 1.5.5 and 1.6.10℄. Twisting the exat
sequene (3) by χ1−k0
yl
τ
−i/2
yl
, we obtain the exat sequene
0→ O(υ−1χk0
yl
τ
i/2
yl
)→ T |Gp → O(υχ1−k0
yl
τ
−i/2
yl
)→ 0, (4)
produing a unique Gp-stable O-diret summand T+p ⊂ T |Gp with Galois ation through
the harater υ−1χk0
yl
τ
i/2
yl
. Moreover, T−p
∼= υχ1−k0
yl
τ
−i/2
yl
. The uniqueness implies that
this loal ondition is Lagrangian.
Consider the following hypotheses on f :
(Irred) T/m has no GK -xed vetors.
(Min) The Serre ondutor of the residual representation T/m is N .
(Tame) ℓ3 ∤ N for all primes ℓ.
For later use, we briey ollet some impliations of these hypotheses.
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Proposition 3.4. Let f be a modular form as desribed above.
1. If (Irred) and (Min) hold for f , then the ondutor of f is N or Np; in partiular,
f is new at N .
2. If (Tame) holds for f , then for ℓ | N the wild inertia group Iwildℓ ⊂ Iℓ ats trivially
on Tf (and hene on T ).
Proof. First, notie that χ
yl
, and hene τ
yl
, is unramied at ℓ, and therefore Tf and
T are isomorphi as Iℓ-modules.
For (1), the ondition (Irred) implies that the representation assoiated to f is
residually irreduible as a GQ-module, and hene the Serre ondutor is omputed
using Tf/m. The following inequalities with ℓ | N are then easy:
ordℓ ond(Tf/m) ≤ ordℓ ond(Tf ⊗O F ) ≤ ordℓN.
The hypothesis (Min) requires that the outer terms be equal; therefore, the middle term
equals the nal term.
For (2), we must show that r := rankO T
Iwild
ℓ
is equal to 2. Certainly 0 ≤ r ≤ 2,
so we must rule out r = 0 and r = 1. First, notie that if r = 0, i.e. T I
wild
ℓ = 0, then
T Iℓ = 0 as well, and hene
ordℓN =
1
1
(2− rankT Iℓ) + 1
?
(2− rankT Iwildℓ ) + · · · > 2,
whih is a ontradition. Also, if r ≥ 1, then Iwildℓ xes some vetor v ∈ T . Sine
detT = χ
yl
is a trivial Iℓ-module, the matrix of the I
wild
ℓ -ation with respet to a
basis extending v has the form
(
1 ∗
0 1
)
. But ∗ amounts to a homomorphism from Iwildℓ
to a pro-p group, and Iwildℓ is a pro-ℓ-group, so ∗ = 0. Hene, we must have r = 2.
The following is the main result of this setion.
Theorem 3.5. Let f ∈ S2k0(Γ0(N)∩Γ1(p), τ i
yl
;O) be an ordinary eigenform as above,
with p ∤ N . Assume that the hypotheses (Irred), (Min), and (Tame) hold for f . Let K
be a number eld for whih, additionally:
• K/Q is unramied above Np.
• If i/2 + k0 ≡ 1 (mod p− 1), then α[Fv:Fp]p 6≡ 1 (mod m) for all plaes v above p.
Suppose K ontains a degree 2 subeld K0, and assume that corankO SA(K) is odd.
Then for some hoie of sign ǫ = ±, one has corankO SA(L) ≥ [L : K] for all nite
subextensions L/K of Kǫ.
Remark 3.6. If i/2 + k0 ≡ 1 (mod p − 1) then the other lift of i to Z/2(p − 1) has
i/2 + k0 ≡ (p + 1)/2 (mod p − 1), so the seond ondition on K never rules out both
of the two self-dual twists.
Proof. The theorem may be dedued from Theorem 2.3 as soon as the latter's hypothe-
ses are satised. As we have desribed above, T satises (Symp) and (Ord) over Q,
and hene it also does so over K0.
The freeness in (Tam) is automati, beause O is a DVR. For the rest of (Tam),
by Remark 2.5 we must show that H1(Iv, T )
Frobv=1
tors
is trivial. In fat, sine K/Q is
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unramied above N , for every plae v of K lying over ℓ ∈ Σ′ we have Iv = Iℓ. Thus, it
sues to show that H1(Iℓ, T )tors = 0.
As in Proposition 3.4(2), the ondition (Tame) implies that for every prime number
ℓ | N , the inertia group Iℓ ⊂ Gℓ ats through its tame quotient Iℓ/Iwildℓ . Fix a generator
t ∈ Iℓ/Iwildℓ . The Iℓ-module T is pro-p-nite, hene H1(Iwildℓ ,M) = 0, so that ination
indues the rst of the isomorphisms:
H1(Iℓ, T )
∼← H1(Iℓ/Iwildℓ , T ) ∼= TIℓ .
Reduing mod m, we observe that
H1(Iℓ, T )/m ∼= TIℓ/m = T/(t− 1,m) = (T/m)Iℓ . (5)
Following the ondutor identity in Proposition 3.4(1),
dimF (T ⊗O F )Iℓ = dimk(T/m)Iℓ . (6)
Moreover, sine f is new at N , T is ramied at ℓ, and so the left hand side of the above
equation is 0 or 1.
In the ase of a 0, Nakayama's lemma and Equation 5 show that H1(Iℓ, T ) = 0.
Otherwise, in the ase of a 1, we argue as follows. For any nitely generated module
M over the Noetherian loal ring R, the quantity d = dimkM/m is the minimal integer
for whih there exists a surjetion R⊕d ։M . Thus TIℓ must be yli. A yli module
is either free or it is torsion over some generi omponent, and the former must hold for
TIℓ . Otherwise we would have TIℓ ⊗O F = 0, ontraditing the 1 in Equation 6 beause
(T ⊗O F )Iℓ = TIℓ ⊗O F . Thus H1(Iℓ, T )tors = 0.
Putting together the two ases, we see that (Tam) holds in any ase.
Now we onsider the ondition (Irr). The map A[m] →⊕v A−v is nonzero beause
A[m] ։ A−v [m] for every v ∈ Σ. Therefore, if the kernel of A[m] →
⊕
v∈ΣA
−
v is
nonzero, then it must be 1-dimensional over O/m. But suh a subspae would be GQ,S0-
stable, ontraditing (Irred). Sine A[m] → ⊕v∈Σ A−v is injetive, so is its restrition
to A[m]GK,S , whih gives (Irr).
Finally, we show that (Zero) holds. Consider the restrition of T/m to Gp. Sine
the exat sequene (4) denes T−p , we must show the nontriviality of the harater
υχ1−k0
yl
τ
−i/2
yl
mod m (when further restrited to Gv ⊆ Gp for v lying over p).
The harater υ is unramied. The residual harater χj
yl
mod m is identially
equal to τ j
yl
, and on GQp it is unramied preisely for j ≡ 0 (mod p − 1), in whih
ase it is trivial. So, if i/2 + k0 6≡ 1 (mod p− 1) then our harater is always ramied,
and hene its restritions to the Gv (for v ∈ Σ) are nontrivial sine K/Q is unramied
at p. Hene, in this ase, (Zero) holds.
In the ase when i/2 + k0 ≡ 1 (mod p − 1), our harater equals υ mod m. Sine
Frobp ∈ Gp/Ip ats through υ via αp, the element Frobv ∈ Gv/Iv ats via α[Fv:Fp]p .
Thus, by our additional hypothesis, υ is nontrivial, and (Zero) holds in this ase as
well. The theorem follows.
Remark 3.7. Let B = Bf be a modular ellipti urve with good ordinary redution at
p. Then the hypotheses of Theorem 3.1 on B are slightly weaker than the hypotheses
of Theorem 3.5 on f . Namely, (Irred) implies (Irr), and if (Irred) holds then (Min)
and (Tame) imply (Tam). Both reverse impliations do not neessarily hold. The
14
asymmetry is due to the more ompliated nature of guaranteeing the vanishing of
the Tamagawa numbers of a modular form, relative to the orresponding laim for an
abelian variety.
3.3 Hida families
Fix a positive integer N prime to p, an even integer i modulo 2(p − 1), and a nite
extension of Qp with ring of integers O. Write Λ for the Iwasawa algebra O[[Z×p ]], and
use brakets 〈 〉 to denote grouplike elements in it. (We will not use the Λ of 1.1 here.)
We take for R a ompletion of Hida's Λ-adi Heke algebra hord∞ (Γ0(N), τ
i
yl
;O) at a
maximal ideal. It is nite free as a Λ-module. Thus, the lassial points p ∈ Spec(R)alg
orrespond to p-stabilized normalized ordinary eigenforms
fp ∈ Skp(Γ0(N) ∩ Γ1(pc(p)), τ i−kp
yl
ψp;Op)
lying in a xed ongruene lass determined by the maximal ideal. We assume that
FracO is algebraially losed in eah fator of R ⊗Λ FracΛ. (Otherwise, enlarge O to
ensure this ondition.)
We dene Θ = 〈γ1/2
yl
〉 τ i/2−1
yl
(f. 1.1). By knowledge of the diamond operators, the
omposite µp−1 ⊂ Z×p
〈 〉→֒ Λ → R is given by µp−1 ∋ a 7→ ai−2 ∈ Zp ⊆ R. Therefore,
Θ2 = 〈γ
yl
〉 τ i−2
yl
is the omposite of 〈χ
yl
〉 with the struture map Λ → R; in other
words, Θ is a square root of 〈χ
yl
〉 with values in R.
Let TR denote the Galois representation assoiated to R by Hida (with the homolog-
ial normalization). It is a free R-module of rank 2, equipped with a ontinuous, linear
GQ,S-ation, where S onsists of the plaes of Q dividing Np∞. It has the property
that TR ⊗R Op ∼= Tfp for all p ∈ Spec(R)alg. It admits a perfet, Galois-equivariant,
skew-symmetri pairing TR ⊗R TR → R(〈χyl〉χyl). Its restrition to Gp is reduible,
sitting in an exat sequene
0→ R(Υ−1〈χ
yl
〉χ
yl
)→ TR|Gp → R(Υ)→ 0, (7)
where Υ is the unramied R-valued harater of Gp whose value on Frobp is the Heke
operator Up ∈ R. (For details, see [12, Chapter 1℄. Stritly speaking, the above is only
known to hold under the assumption of (Irred) below, whih will be in fore for our
theorem.)
As in the preeding setion, the representation TR orresponds to the L-values
L(fp, 1), so we twist it to orrespond to the L(fp, kp/2). We dene
T := TR ⊗R Θ−1.
Twisting the duality pairing TR ⊗R TR → R(〈χyl〉χyl) by Θ−2 = 〈χyl〉−1, one
obtains a duality pairing on T with values in R(1). By [12, 1.6.10℄, this pairing is
sympleti. Moreover, twisting Equation 7 by Θ−1, we see that the restrition of T to
any deomposition group GQp at p sits in an exat sequene
0→ R(Υ−1Θχ
yl
)→ T |GQp → R(ΥΘ−1)→ 0.
It is easy to see that this exat sequene is self-dual under the pairing just mentioned.
We dene T+p to be the image of R(Υ
−1Θχ
yl
) in T .
Here are our hypotheses:
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(Irred) T/m has no GK -xed vetors.
(Min) The Serre ondutor of the residual representation T/m is N .
(Tame) ℓ3 ∤ N for all primes ℓ.
Our theorem losely resembles the orresponding result, Theorem 3.5, for individual
modular forms.
Theorem 3.8. Let R be a ompletion of the HidaHeke algebra of tame level Γ0(N)
and harater τ i
yl
, and let T be the assoiated twisted representation, as above. Assume
that (Irred), (Min), and (Tame) hold. Let K be a number eld for whih, additionally:
• K/Q is unramied above Np, and for eah plae v of K lying over N , we have
U
[Fv:Fℓ]
ℓ /∈ 1 +m.
• If i/2 ≡ 1 (mod p− 1), then U [Fv:Fp]p /∈ 1 +m for all plaes v lying over p.
Suppose K ontains a degree 2 subeld K0, and assume that corankR SA(K) is odd.
Then for some hoie of sign ǫ = ±, one has corankR SA(L) ≥ [L : K] for all nite
subextensions L/K of Kǫ.
Remark 3.9. If i/2 ≡ 1 (mod p − 1) then the other lift of i to Z/2(p − 1) has i/2 ≡
(p + 1)/2 (mod p − 1), so the seond ondition on K never rules out both of the two
self-dual twists.
Proof. We will dedue our desired laim from Theorem 2.3. To begin with, the ring R
is a omplete Noetherian loal ring; by (Irred) and [12, 1.5.21.5.4℄, R is Gorenstein,
and the residual representation of the Hida family is realized by T/m.
As desribed above, T satises (Symp) and (Ord) over Q, and, onsequently, also
over any nite extension of Q.
We now onsider (Tam). As in the ase of modular forms, (Tame) implies that for
v lying over ℓ ∈ Σ′, the inertia group Iℓ ats on T through its tame quotient, and
H1(Iℓ, T ) ∼= T/(t− 1) and H1(Iℓ, T/m) ∼= T/(m, t− 1),
for t ∈ Iℓ/Iwildℓ a generator. Then the same reasoning as in the proof of Theorem 3.5
using (Irr) and (Min) shows that H1(Iℓ, T ) is either zero or free of rank one.
Suppose that H1(Iℓ, T ) is nonzero. Note that under our hypothesis (Min), in the
notation of [2℄, one has T
new
N = TN . Therefore, [2, Lemma 2.6.2℄ implies that Frobℓ
ats on the line (T ⊗R FracΛ)Iℓ through the Heke operator Uℓ; the same is therefore
true on the lattie TIℓ. Sine v is unramied over ℓ one has Iv = Iℓ, and the preeding
alulation shows that Frobv − 1 ats bijetively on H1(Iv, T ) preisely when U [Fv:Fℓ]ℓ /∈
1 +m, whih was our additional hypothesis.
For the freeness part of (Tam), reall that T is self-dual, so that T ∼= T ∗(1). We
ompute from this (noting that Iℓ ats trivially on R(1)) that
T Iℓ ∼= Hom(T,R(1))Iℓ = ker (t− 1 | Hom(T,R(1)))
=
{
f : T → R(1)
∣∣∣ 0 = [(t− 1)f ](T ) = f((t−1 − 1)T )} (8)
= Hom(T/(t−1 − 1), R(1)) = Hom(TIℓ , R(1)).
Sine TIℓ is free in all ases, we dedue from the above identity that T
Iℓ
is free too.
Hene (Tam) holds.
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The veriation of the hypotheses (Irr) and (Zero) is aomplished in the exat same
manner as in the proof of Theorem 3.5, so we omit it. The only (osmeti) dierene
is that the Gp-ation on T
−
v /m here is through Υτ
1−i/2
yl
mod m, whih plays the same
role as υτ
1−i/2−k0
yl
mod m in the proof of Theorem 3.5.
Finally, we mention the following result that expliates the relationship between the
theorems for modular forms and their Hida families.
Proposition 3.10. Assume R is a UFD (e.g, it is regular). Assume that, for all plaes
v of K above N , we have U
[Fv:Fℓ]
ℓ /∈ 1 +m. Then the remaining hypotheses of Theorem
3.8 are satised by R if and only if the hypotheses of Theorem 3.5 are satised by any
lassial, even weight modular form fp in the family with c(p) ≤ 1. In this ase, the
one has S(fp) = (S(R)⊗R R/p)⊗R/pOp, with the obvious notation.
Proof. Using the desription of S provided by Proposition 2.8, this is an easy onse-
quene of Neková°'s ontrol theorem [11, 8.10.10℄ and Nakayama's lemma, sine every
height-one prime p ∈ SpecR is prinipal. (Cf. the omments at the end of A.5, where
Equation 9 holds beause of Equation 8 above, using the fat that TIℓ , if nonzero, is
free of rank one.) As in the veriation of (Zero) in the above proof, note the slight
renormalization of the relevant power of τ
yl
.
It follows from the above proposition that, when its onditions are satised, for eah
sign ǫ = ± one has
rankΛ(R)ǫ S(R)ǫ = rankΛ(fp)ǫ S(fp)ǫ
for all but nitely many lassial, even-weight p, and this rank is positive for at least
one sign. Thus, the Selmer growth of modular forms, as produed in this paper, ours
uniformly in the Hida family, with nitely many exeptions.
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4 Examples
Here we show onrete instanes of the appliations of the preeding hapter.
4.1 Appliations of the CasselsTate pairing
We remind the reader that we had no need for Neková°'s higher CasselsTate pairing
apparatus in the preeding hapters; this is still the ase for the examples of modular
abelian varieties below. However, we admit appliations of the CasselsTate pairing
below to produe spei numerial examples of modular forms of higher weight, and
of Hida families. Preisely, we employ the parity onjeture as proved in [11, 12.2.6℄
by means of CasselsTate in order to detet odd Selmer parity; and, in order to extend
the omputations to Hida families, we refer to a diret appliation of CasselsTate
[11, 10.7.5.ii℄. (The latter result, on its own, is enough to prove a ne Selmer growth
theorem.)
Assume we are given an even-weight eigenform f ∈ Sk(Γ0(N)∩Γ1(p), τ i
yl
;O) that
is ordinary at p with p ∤ N as in 3.2, and an imaginary quadrati eld K/Q that is
unramied at Np. Assume all the hypotheses of Theorem 3.5 hold exept possibly the
parity ondition: namely, (Irred), (Min), and (Tame) hold, and that if i/2 + k/2 ≡ 1
(mod p− 1) then α[Fp :Fp]p 6≡ 1 (mod m) (a hoie of i/2 ∈ Z/(p− 1) satisfying this an
always be made). The question is for whih hoies of K one has corankZp SAf (K) odd.
To answer this, we rst invoke the parity onjeture [11, 12.2.6℄, whose proof makes
use of CasselsTate. This theorem implies, in partiular, that
corankO SAf (L) ≡ ords=k/2 L(f/L, s) (mod 2)
for L = Q or K. In the ase L = K, denoting by χK the quadrati Dirihlet harater
orresponding to K, one has
L(f/K, s) = L(f/Q, s)L(fχK/Q, s).
Hene, the Selmer parity is the omposite of the analyti parities of f and fχK . More-
over, if r is the analyti rank of f over L, it is well-known that (−1)r is the sign
of the funtional equation of L(f/L, s), and when that L = Q this sign is equal to
(−1)k/2wN(f)(f), where wN(f)(f) = ±1 is the eigenvalue of the AtkinLehner WN(f)-
operator ating on f . (We stress the dependene of N on f to avoid onfusion when
applying these remarks to fχK .) Thus, writing w(f,K) = wN(fχK )(fχK )/wN(f)(f) for
the hange in sign aused by twisting f by χK , the sign of L(f/K, s) is omputed to
be
wN(f)(f)wN(fχK )(fχK ) = wN(f)(f)w(f,K)wN(f)(f) = w(f,K),
as wN(f)(f) = ±1. But w(f,K) is easily omputed by [16, 3.63(2) and 3.65℄ to be
χK(−N(f)). As K is imaginary quadrati, we nd odd Selmer orank preisely when
χK(N(f)) = 1.
As for the Hida family passing through f , let R be the orresponding ompletion of
hord∞ (Γ0(N), τ
i
yl
;O), and assume moreover that for U [Fv:Fℓ]ℓ /∈ 1+mR for eah plae v of
K lying over ℓ dividing N . We want to nd quadrati elds where odd Selmer orank
ours. By Neková°'s CasselsTate apparatus (see [11, 10.7.15.ii℄), the R-orank of
SAR(K) is equal to the O-orank SAf (K). In partiular, there is no further restrition
on K.
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4.2 ∆ at p = 11
Let ∆ ∈ S12(SL2(Z);Z) be the disriminant form, with
∆(q) =
∑
n≥1
τ(n)qn = q − 24q2 + 252q3 − 1472q4 + 4830q5 − 6048q6 − 16744q7
+ 84480q8 − 113643q9 − 115920q10 + 534612q11 − · · · .
It is the usp eigenform of lowest weight with level 1, and p = 11 is its rst ordinary
prime.
We take K0 = Q, and ask whih imaginary quadrati elds K satises the hy-
potheses of Theorem 3.5. In the notation of 3.2, one has (k,N, i) = (12, 1, 0). Sine
N = 1, there is no need to worry about (Min) and (Tame). For (Irred), we need to
know for whih imaginary quadrati elds K the ation of GK on T/m leaves no vetors
xed. For this, we reall that, by the alulations of SerreSwinnerton-Dyer [14, 17℄,
the ation of GQ on Tf/m gives a surjetion GQ → GL2(F11). Invoking the following
elementary result, we onlude that ∆ satises (Irred) for all K.
Proposition 4.1. Let q be a prime power, G a group, and ρ : G → GL2(Fq) a homo-
morphism with image G0. Suppose that [GL2(Fq) : G0] < (q + 1)/2. Then for no index
2 subgroup H ⊂ G and no harater χ : G → F×q is there a xed vetor of F⊕2q under
(ρ⊗ χ)(H).
Proof. Suh a xed vetor would result in ρ(H) ⊆ G1 :=
(∗ ∗
0 ∗
)
, and the latter group
has q(q − 1)2 elements. But
#G0 =
#GL2(Fq)
[GL2(Fq) : G0]
>
(q2 − 1)(q2 − q)
(q + 1)/2
= 2q(q − 1)2 = 2#G1,
whene [G0 : G1] > 2 = [G : H], a ontradition.
Sine i = 0 ∈ Z/10, one has i/2 = 0 or 5 ∈ Z/10. Its 11-Heke polynomial, modulo
11, is X2 −X, so its unit root α11 ∈ Z11 satises α11 ≡ 1 (mod 11). This fores us to
take the self-dual twist of T∆ with i/2 = 0 (with i/2 + k/2 = 6) and not i/2 = 5 (with
i/2 + k/2 = 1). The other restrition listed in Theorem 3.5 is that K/Q be unramied
above p = 11. By the disussion of 4.1, we are now limited to those quadrati elds
K with χK(N(∆)) = 1. But N(∆) = 1, so this is no restrition.
Finally, sine K/Q is abelian, Kato's Euler system (see [5℄) implies that S+ is Λ+-
torsion. This eliminates the possibility of growth with ǫ = +. We summarize:
Theorem 4.2. Let K/Q be any imaginary quadrati eld whose disriminant is prime
to 11. Let A = T∆(χ
−5
yl
)⊗Z11Q11/Z11. Then SA(L) has orank bounded below by [L : K]
for L ranging through the nite subextensions of the antiylotomi Z11-extension of K.
Most of the above work arries over with little hange for Hida theory. It is well-
known that Λ
∼→ hord∞ (SL2(Z);Z11), i.e. the Hida family passing through ∆ is as small
as possible. (This an be aomplished, for example, by enumerating usp eigenforms
of appropriate weight, level and harater ongruent modulo 11 to ∆, and nding only
one in eah weight, level and harater.)
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We seek imaginary quadrati elds K to whih Theorem 3.8 applies. Sine (N, i) =
(1, 12), we still need not worry about (Tam) and (Min). Sine T/m for the Hida
family is idential to that for f , we still see that every quadrati eld satises (Irred).
The theorem requires that K be unramied at 11. We easily treat the numerology:
i/2 = 1 or 6 ∈ Z/10, and we must take i/2 = 6, beause Up ≡ αp ≡ 1 (mod m). By
4.1, the same quadrati elds K are valid as those for ∆ itself. Finally, we point out
that Kato's result implies that S+ is Λ(Hida)+-torsion, beause S(Hida)+ ։ S(∆)+,
and the latter is Λ(∆)+-torsion, in the obvious notation. We summarize:
Theorem 4.3. Let K/Q be any imaginary quadrati eld whose disriminant is not
divisible by 11. Let A = T
Hida
(〈γ−1/2
yl
〉τ−5
yl
) ⊗Zp Qp/Zp, where THida is the Galois
representation onstruted by Hida with values in his Λ-adi Heke algebra R with
(p,N, i) = (11, 1, 12). Then SA(L) has orank bounded below by [L : K] for L ranging
through the nite subextensions of the antiylotomi Zp-extension of K.
4.3 y2 + y = x3 − x over Q(√−3)
The following example is taken from [10, Example 10.10℄, and hene is well-known. Let
E be the ellipti urve over Q dened by
y2 + y = x3 − x.
Instead of xing p and varying K, we x K = Q(
√−3) and ask when Theorem 3.1
applies. It is laimed in [10℄ that E(K) = E(Q) = Z · (0, 0) and X(E/K) = 0; in
partiular, Selp(E/K) ≈ Qp/Zp has Zp-orank one for any prime p. Let
∑
n≥1 anq
n
be
the q-expansion of the normalized newform f of level Γ0(37) orresponding to E.
For (Symp), all ellipti urves are prinipally polarized. We have (Ord) when p>3
and ap 6= 0 (sine p = 2, 3 are supersingular for E). For the Tamagawa obstrution,
we note that the residual representation of f at any p 6= 37 has Serre ondutor 37
(beause otherwise level-lowering would produe a weight-2 usp form for SL2(Z)),
whih is enough to fore H1(I37, T )tors = 0. Moreover, 37 is unramied in K, so this
alulation applies to the inertia groups of K lying over 37. Sine E(K) ≈ Z, (Irr)
holds for all p. Finally, (Zero) holds over Q when ap 6= 1, by the Weil bound, and
hene over K when either ap or a
2
p 6= 1, aording to whether p is split or inert in K,
respetively.
One again, by Kato, it is known that S+ is Λ+-torsion. We summarize:
Theorem 4.4. Let E and K be as given above. Then, for any prime p > 3 with p 6= 37
and ap 6= 0,±1, the Zp-oranks of Selp∞(E/L) are bounded below by [L : K] for L
ranging through the nite subextensions of the p-antiylotomi extension of K.
4.4 The unique newform in S4(Γ0(5))
Let f ∈ S4(Γ0(5);Z) be the unique newform, whih has
f(q) =
∑
n≥1
anq
n = q − 4q2 + 2q3 + 8q4 − 5q5 − 8q6 + 6q7 − 23q9 + 20q10 + 32q11
+ 16q12 − 38q13 − 24q14 − 10q15 − 64q16 + 26q17 + 92q18 + · · · .
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It is the usp eigenform of lowest level with weight k = 4. It is lear from the q-
expansion above that all primes p ≤ 17 exept p = 2, 5 are good ordinary for f ; in fat,
p = 2, 5 are the only nonordinary primes for f that are less than 1000.
Suppose f is ordinary at p (so in partiular p 6= 2, 5). Then f satises (Min) beause
there are no level 1 forms to level-lower to, and (Tam) beause N = 5 is prime. By
Proposition 4.1, we have (Irred) for all quadrati elds K, granted p > 6 and p is
not exeptional for f (i.e., sine the weight of f is 4, that the mod p representation
assoiated to f surjets onto the matries in GL2(Fp) whose determinants are ubes in
Fp). Ribet's generalization [13℄ of SerreSwinnerton-Dyer's arguments [14, 17℄ proves
that there are only nitely many exeptional p; stepping through his paper in this ase,
we omputed that there are no exeptional p with p > 19. For p > 2, one ertainly has
2, 2 + (p − 1)/2 6≡ 1 (mod p − 1), so both self-dual twists work. One again, Kato's
work preludes Selmer growth in the ylotomi extension. We summarize:
Theorem 4.5. let f be as given above. Let p be an ordinary prime for f with p > 19,
and let T be either of the two self-dual twists of the p-adi Galois representation Tf
assoiated to f . Let K be any imaginary quadrati eld in whih 5 and p are unramied,
satisfying χK(5) = 1. Then for all nite subextensions L/K within the antiylotomi
Zp-extension of K, one has corankZp SA(L) ≥ [L : K].
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A Appendix: Selmer omplexes
In this appendix we give a rash ourse in Selmer omplexes, with an aim towards
explaining how the omplex C of Proposition 2.8 is onstruted. This onstrution is
not neessary for our results, and is provided only for the onveniene of the urious
reader; therefore, for the sake of brevity, we sketh the onstrutions of our objets, and
those fats that will be of use to us, only in as muh generality as is needed. For muh
more information, inluding proofs of our laims, further properties, and appliations,
the reader is referred to Neková°'s original work [11℄.
1
A.1 Additional notation
Throughout this appendix, 1.1 is in fore.
There are some full subategories of R-mod that are of interest to us. We write
R-fl (resp. R-ft, R-coft) for the ategory onsisting of nite-length (resp. Noetherian,
Artinian) R-modules. Sine R is Noetherian, it is ustomary to all Noetherian R-
modules of nite type; we will adopt the onvention of alling Artinian R-modules
of onite type, thus explaining the notation. Objets in the three ategories of this
paragraph are naturally endowed with linear topologies.
If G is a group, then R[G]-mod is the ategory of (linearly topologized) R-modules
equipped with ontinuous, linear G-ations. For ⋆ one of the onditions -fl, -ft, -coft,
we write R[G]-modR⋆ for the full subategory whose underlying R-modules belong to
R⋆.
Throughout this setion, we use the letter M (resp. T , A) exlusively to denote an
element of R-fl (resp. R-ft, R-coft), or perhaps R[G]-modR-fl (resp. R[G]-modR-ft,
R[G]-modR-coft). The letter X stands for any of M,T,A, unless otherwise speied.
Written with a big dot, X• means eitherM•, T •, or A•, with eah omponent satisfying
the appropriate niteness ondition, and is assumed to be a bounded omplex.
A.2 Continuous ohain omplexes
Fix a pronite group G satisfying the following niteness hypothesis: For every open
normal subgroup H ⊆ G, all the k-vetor spaes H∗(H, k) are nite-dimensional, and
moreover e := .d.p(G) < ∞ (in the sense of ohomology of disrete modules). The
results that follow will generally only be valid for G of this type.
We write C•(G,M) for the ontinuous ohain omplex of G with oeients in M ,
as in [11, 3.4.1.1℄. Beause M is topologially disrete, here ontinuous simply means
loally onstant on G. We put
C•(G,T ) = lim←−
n
C•(G,T/mn) and C•(G,A) = lim−→
n
C•(G,A[mn]).
One extends this notion to omplexes by dening the ohain omplex C•(G,X•) of
X• to be the total omplex of the biomplex C•(G,X•). (We will never have need to
refer to the latter, so there should be no onfusion of notation.)
The assoiation
X• 7→ RΓ(G,X•) := [C•(G,X•)] ∈ D(R)
1
And a hearty referral it is! The book is arefully written and inludes opious useful details.
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fators uniquely through an exat funtor D(R[G]-modR-fl) → D(R) when X = M
(resp. D(R[G]-modR-ft) → D(R) when X = T , D(R[G]-modR-coft) → D(R) when
X = A). Passing to ohomology groups, we get the usual ontinuous hyperohomol-
ogy ohomologial δ-funtor, whih we denote by H∗(G, ·). (In [11℄, the notation C
ont
is used, but sine this is the only type of ohomology we will enounter, there is no
need to ontinuously remind the reader of any distintion.)
If H ⊆ G is a losed normal subgroup, then we have an ination map
inf : C•(G/H,XH ) −→ C•(G,X),
whih is a quasi-isomorphism if H has pronite order not divisible by p. This leads one
to expet the existene of a HohshildSerre morphism of omplexes
C•(G/H,C•(H,X)) → C•(G,X) .
however, the ations of elements g, h ∈ G/H on C•(H,X) are eah only dened up
to homotopy, and the assoiativity of the ation of gh with those of g, h has not been
veried. Thus, the omplex C•(G/H,C•(H,X)) is not yet known to be well-dened.
The preeding onern has onsequenes for Iwasawa theory. We would like to
dene, for H ⊆ G a losed normal subgroup with G/H abelian, omplexes
C•
Iw
(G,H, T ) := lim←−
α, or
C•(Gα, T ) and
C•(H,A) := lim−→
α, res
C•(Gα, A),
the Gα ranging over all open normal subgroups of G ontaining H, representing objets
of D(Λ) with Λ = R[[G/H]]). However, the ation of G/H has not been heked to
make sense, so the right hand sides only a priori live in D(R). To irumvent this,
Neková° has engineered a variant of Shapiro's lemma that shows that
lim←−
α, or
C•(Gα, T ) ∼= C•(G,T ⊗R Λ) and
lim−→
α, res
C•(Gα, A),∼= C•(G,HomR(Λ, A)).
We thus represent RΓ
Iw
(G,H, T ) and RΓ(H,A) by the respetive right hand sides of
the two above equations, whih ostensibly are equipped with ontinuous G/H-ations,
and onsider them as objets of D(Λ). Note that
T ⊗R Λ ∈ Λ[G]-modΛ-ft and
HomR(Λ, A) ∈ Λ[G]-modΛ-coft,
so the above appliations of C•(G, ·) make sense.
Under our niteness hypothesis on G, using a MittagLeer argument, we nd
that taking lim←−α, or is exat, so no Rlim←− is needed. Moreover, forming lim←−α and lim−→α
ommute with passing to ohomology groups. A way-out funtors argument shows
that, for eah i ≥ 0,
H i(G,M) ∈ R-fl,
H i(G,T ) ∈ R-ft, and
H i(G,A) ∈ R-coft,
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and all these groups vanish for i > e. Furthermore, if T • ∈ D[a,b]
perf
(R) (upon forgetting
the G-ation), then RΓ(G,T ) ∈ D[a,b+e]
perf
(R). This applies partiularly to when T is
free over R, so that RΓ(G,T ) ∈ D[0,e]
perf
(R).
A.3 Intermission: autoduality theorems for R
Sine R is a omplete Noetherian loal ring, Matlis duality theory takes a simple form.
Let IR be an injetive hull of k in R-mod. Then the rule X 7→ D(X) := HomR(X, IR)
desribes an exat anti-equivalene of the ategory R-fl with it self, with IdR-fl
∼→ D◦D.
Hene, taking limits, D furnishes an exat anti-equivalene R-ft←→ R-coft.
The niteness of the residue eld k implies that D atually oinides with the
Pontryagin duality funtor X 7→ HomZp(X,Qp/Zp); this shows that the underlying Zp-
module of D(X) does not depend on R. Moreover, the objets of R-fl are the preisely
nite modules, those of R-ft are ompat, and those of R-coft are disrete.
We required that R be Gorenstein essentially to guarantee that Grothendiek du-
ality over R be realized via the omplex onsisting of R onentrated in degree 0. So,
the funtor T • 7→ D(T •) := RHom(T,R) provides an exat anti-equivalene of at-
egories D(R-ft) → D(R-ft). In the ase where T • is a omplex of free modules, we
may represent RHom(T •, R) by the objet Hom(T •, R) itself. Thus, D(T •) exhanges
D
[a,b]
perf
(R) with D
[−b,−a]
perf
(R). In this ase, inluding notably when T • is a single free
module in degree 0, we will always make this identiation, essentially obliterating the
use of derived ategories.
Although we will not make use of it, we note that the funtors D and D are related
to eah other via Grothendiek's loal duality theorem.
Finally, if Γ ≈ Znp , then Λ := R[[Γ]] also satises the hypotheses we have made on
R, and we denote its Matlis (resp. Grothendiek) duality funtors by DΛ (resp. DΛ).
A.4 Loal duality and Selmer omplexes
The arithmeti duality theorems of PoitouTate are stated for Galois modules of nite
ardinality. We present here some results of Neková°'s proess of bootstrapping them
up to modules over a larger ring.
Straying somewhat from 1.1, we let K be any number eld (forgetting K0), and
onsider a nite set of plaes S, partitioned as in 1.1, with still p > 2. (The set of
plaes S of 1.1 is replaed here by the set of plaes of K lying over S.)
Let v be a plae of K. We may summarize the loal duality theorem as saying that
Gv satises the niteness hypothesis with .d.p(Gv) = 2, and that the invariant map
applied to the up produt has adjoint morphisms
RΓ(Gv ,D(X
•)(1)) → D (RΓ(Gv ,X•)) [−2] and
RΓ(Gv ,D(T
•)(1)) → D (RΓ(Gv , T •)) [−2]
that are isomorphisms in D(R), for X• ∈ D(R[Gv ]-modR⋆) with ⋆ one of -fl, -ft, -coft,
and for T • ∈ D(R[Gv ]-modR-ft).
The global duality theorem is somewhat more ompliated. The ohomology over
GK is unontrollable, so one uses GK,S. And the ohomology over GK,S is not self-dual,
but instead a version of the ohomology that has been modied by loal onditions (i.e.
the Selmer omplex) is self-dual.
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A system of loal onditions ∆ for X• is the speiation of, for eah plae v ∈ Sf ,
a omplex U+v of R-modules and a hain map
i+v : U
+
v → C•(Gv ,X•).
The two simplest examples are ∆∅ (no onditions or empty onditions) with all i
+
v
equal to the identity map, and ∆c (ompat support, or full onditions) with all i
+
v
equal to the map from the zero omplex.
For any partiular plae v ∈ Sf , suppose we are given a omplex of R[Gv]-modules
X+v = (X
+
v )
•
and a Gv-morphism j
+
v : (X
+
v )
• → X•. Then one denes the (strit)
Greenberg loal ondition at v to be the indued morphism i+v : C
•(Gv , (X
+
v )
•) →
C•(Gv ,X
•).
For a plae v ∈ Σ′, there is the unramied loal ondition at v. When X• is X
onentrated in a degree zero, this is U+v = C
•(Gv/Iv,X
Iv ), with i+v being the ination
map. (Our present laking of a well-dened HohshildSerre morphism makes for
diulties when X• is not onentrated in a single degree. Sine we only need the
simple ase, we let the reader nd a more general formulation in [11, Chapter 7℄.)
The maps i+v play the role in our situation of the subgroupsH
1
f (Gv,X) ⊆ H1(Gv ,X)
appearing in lassial Selmer groups. Just as one has the notationally onvenient
quotients H1s (Gv ,X), we form U
−
v = Cone(−i+v ), whih ome with anonial maps
i−v : C
•(Gv ,X) → U−v . In the ase of a (strit) Greenberg loal ondition indued by
j+v : X
+
v → Xv, if we put (X−v )• = Cone(−j+v ), then i−v is indued by j−v , in the evident
notation.
Now we put the loal onditions together to dene Selmer omplexes. We set U±S =⊕
v∈Sf
U±v and i
±
S =
⊕
i±v . Reall that our hoies of embeddings of algebrai losures
have furnished us with maps Gv → GK,S. Pulling bak via these maps, we get funtorial
restrition maps resv : C
•(GK,S,X) → C•(Gv ,X). We gather these restrition maps
into one map resSf =
⊕
v∈Sf
resv.
Given a system ∆ of loal onditions, we dene the Selmer omplex
C˜•f (X) := C˜
•
f (GK,S,X;∆) := Cone
(
i−S ◦ resSf
)
[−1].
We write R˜Γf (X) for its image in D(R), and we all its ohomology groups H˜
∗
f (X) the
extended Selmer groups of X (in the sense of Neková°).
Consider our examples above of loal onditions. When we have imposed no ondi-
tions we obtain R˜Γf (GK,S ,X;∆∅) = RΓ(GK,S ,X), whih is essentially the same as
ontinuous étale ohomology over SpecOK,S, and when we have imposed full ondi-
tions we obtain RΓc(GK,S ,X) := R˜Γf (GK,S,X;∆c), whih is essentially ontinuous
étale ohomology over SpecOK,S with ompat supports. For a general system ∆, one
obtains from the denition of C˜•v an exat sequene
0→ H˜0f (GK,S ,X;∆)→ H0(GK,S,X)→
⊕
v∈Sf
H0(U−v )→
→ H˜1f (GK,S ,X;∆)→ H1(GK,S,X)→
⊕
v∈Sf
H1(U−v ).
This exat sequene tells us how H˜1f (X) ompares to traditional Selmer groups, and,
together with global duality, how to bound the degrees of the Selmer omplex.
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Given a system ∆ of loal onditions for X, we may dene the D(1)-dual loal
onditions ∆∗ for D(X•)(1) by taking the exat triangles
U+v → C•(Gv ,X•)→ U−v ,
hitting them with D, twisting them by R(1), applying loal duality for eah v, and
shifting the result by [−2]. One similarly obtains D(1)-dual loal onditions ∆∗ for
D(T •)(1).
One has that (∆∅)
∗ = ∆c, and (∆c)
∗ = ∆∅. The D(1)-dual (resp. D(1)-dual) to
a Greenberg loal ondition indued by j+v : X
+
v → X is the Greenberg loal ondition
indued by D(j−v )(1) (resp. D(j
−
v )(1)). The D(1)-dual to an unramied loal ondition
is again the unramied loal ondition of the D(1)-dual; however, the D(1)-dual to an
unramied loal ondition is not neessarily isomorphi to the unramied loal ondition
of the D(1)-dual, in general! Assuming T is onentrated in degree 0, one an only
guarantee that unramied loal onditions are D(1)-dual to eah other when Frobv − 1
ats bijetively on H1(Iv, T ).
A.5 Global duality and Iwasawa theory
We x K and S as in the preeding setion. In this setion, X• is equipped with a
ontinuous, linear GK,S-ation, and a hoie of loal onditions ∆.
The global duality theorem says that GK,S satises the niteness hypothesis with
.d.p(GK,S) = 2, and that the sum of invariants of the up produt has adjoint mor-
phisms
R˜Γf (GK,S ,D(X
•)(1);∆∗) → D
(
R˜Γf (GK,S ,X
•;∆)
)
[−3] and
R˜Γf (GK,S,D(T
•)(1);∆∗) → D
(
R˜Γf (GK,S, T
•;∆)
)
[−3],
that are isomorphisms in D(R).
Consider the speial ase when X is nite and onentrated in degree 0, and
∆ = ∆∅, so that ∆
∗ = ∆c. Upon projeting onto the level of ohomology, the theorem
involving D says that the global Galois ohomology is Pontryagin dual to the ohomol-
ogy with ompat supports of the Cartier dual. Thus we reover a statement reminisent
of Poinaré duality from this speial ase.
One has a version of the above theorem that applies to limits of ohain omplexes
over abelian towers of number elds. Let L/K be a Znp -extension with Galois group
ΓL, write ΛL := R[[Γ]] as in 1.1, and let {Kα} be the olletion of subelds of L that
are nite over K. Dene the Iwasawa Selmer omplexes by the expressions
R˜Γf,Iw(L/K, T ;∆) := lim←−
α
R˜Γf (GKα,Sα , T ;∆α)
∼= R˜Γf (GK,S , T ⊗R ΛL;∆⊗R ΛL) ∈ D(ΛL) and
R˜Γf (KS/L,A;∆) := lim−→
α
R˜Γf (GKα,Sα , A;∆α)
∼= R˜Γf (GK,S ,HomR(ΛL, A); HomR(ΛL;∆)) ∈ D(ΛL),
where the isomorphisms are due to Shapiro's lemma, Sα is the set of plaes of Kα lying
over S, and ∆α onsists of the loal onditions ∆, appropriately propagated to Kα.
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(See [11, 8.68.7℄ for how to propagate unramied and Greenberg onditions.) One
an show that taking ohomology of these omplexes ommutes with forming the limits.
In other words, we get
H∗
(
R˜Γf,Iw(L/K, T ;∆)
) ∼= lim←−
α
H˜∗f (GKα,Sα , T ;∆α) =: H˜
∗
f,Iw(L/K, T ;∆),
H∗
(
R˜Γf (KS/L,A;∆)
) ∼= lim−→
α
H˜∗f (GKα,Sα , A;∆α) =: H˜
∗
f (KS/L,A;∆).
Using the above omplexes, we get the Iwasawa-theoreti duality theorem, whih
says that the natural maps
R˜Γf,Iw(L/K,D(T
•)(1);∆∗)→ DΛL
(
R˜Γf,Iw(L/K, T
•;∆)
)ι
[−3],
R˜Γf (KS/L,D(T
•)(1);∆∗)→ DΛL
(
R˜Γf,Iw(L/K, T
•;∆)
)ι
[−3]
are isomorphisms in D(ΛL). (In light of Shapiro's lemma, this theorem is a trivial
onsequene of the original global duality theorem, but now working over the ring ΛL.)
Neková° has proved a general ontrol theorem. Let r ∈ R be a non-zero-divisor for
all of the following: R, X, both X±v (when ∆ is Greenberg at v), and X
Iv
(when ∆ is
unramied at v). Moreover, when ∆ is unramied at v, assume that
XIv ⊗R R/r = (X ⊗R R/r)Iv . (9)
Then one has
R˜Γf (X) ⊗LR R/(r) ∼→ R˜Γf (X/rX).
More generally, let I ⊂ R be any ideal that is generated by a sequene r1, . . . , rn that
is regular for the above list of objets and suh that for i = 1, . . . , n one has
XIv ⊗R R/(r1, . . . , ri) = (X ⊗R R/(r1, . . . , ri))Iv .
Then by indution we dedue that
R˜Γf (X) ⊗LR R/I ∼→ R˜Γf (X/IX).
One knows by [7, 5.4, Lemma (i)℄ that Zdp-extensions are unramied away from
p, inluding all plaes v where ∆ is the unramied ondition. For every plae v′ of L
lying over suh v, one has Iv′ = Iv, and Iv ats trivially on ΛL. Thus X ⊗RΛL satises
(X ⊗R ΛL)Iv = XIv ⊗R ΛL, and, as a result, Equation 9 holds for X. Thus we an
apply the ontrol theorem to X and I = I = ker(ΛL ։ R) (with ri of the form 〈γi〉− 1
with γi ∈ Γ), to obtain the isomorphism
R˜Γf,Iw(L/K, T ) ⊗LΛ R ∼→ R˜Γf (T ).
For another example, if r ∈ R is prime then, granted Equation 9, we an ompute the
Selmer and Iwasawa-theoreti Selmer omplexes of T/rT by taking those assoiated to
T and (derived-)tensoring down. This an be used sometimes when R is a HidaHeke
algebra and (r) ∈ SpecR orresponds to a lassial eigenform.
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